We introduce a new class of gauge field theories in any complex dimension, based on algebra-valued (p, q)-forms on complex n-manifolds. These theories are holomorphic analogs of the well-known Chern-Simons and BF topological theories defined on real manifolds. We introduce actions for different special holomorphic BF theories on complex, Kähler and Calabi-Yau manifolds and describe a procedure for constructing solutions to their equations of motion. Candidate observables, topological invariants and relations to integrable models are briefly discussed.
Introduction
Topological field theories [1, 2] were intensively studied, developed and generalized over the last ten years (see e.g. [3, 4] and references therein). Among these theories some of the most interesting are non-Abelian Chern-Simons gauge theories [2] . The Chern-Simons (CS) action functional is
where X is an oriented smooth 3-manifold, A is a connection 1-form on a principal G-bundle P over X, and G is a Lie group. The Euler-Lagrange equations for the action (1.1) are
where F A = dA + A ∧ A is the curvature of a connection A. Thus, non-Abelian CS theories give a field-theoretic description of flat connections on G-bundles over 3-dimensional manifolds X, and expectation values of quantum observables for these theories are topological invariants of X [2, 3, 4] .
Other interesting topological field theories associated with flat connections are so-called BF theories [5, 6] generalizing Abelian models introduced in [7] . These theories can also be considered as a generalization of Chern-Simons theories to arbitrary dimensions. The classical action for a non-Abelian BF theory has the following form:
where X is an oriented smooth n-manifold, F A is the curvature of a connection 1-form A on a principal G-bundle P over X, and B is an (n − 2)-form with values in the adjoint bundle adP = P × G g. We consider a semisimple Lie group G and denote by g its Lie algebra. The variation of the action (1.3) w.r.t. B gives Eqs. (1.2) , and the variation of the action w.r.t. A gives the equations d A B = 0, (1.4) where d A = d + adA is the covariant differential on P . Thus, BF theories describe flat connections A on bundles P over n-manifolds X and adP -valued d A -closed (n − 2)-forms B.
An interesting class of (topological) gauge models was introduced by considering the classical limit of the string field theory for open N = 2 topological strings on a Calabi-Yau 3-fold [8, 9] . The corresponding action [8] is given by
where θ is a nowhere vanishing holomorphic (3, 0)-form on a Calabi-Yau 3-fold Z, and A 0,1 is the (0, 1)-component of a connection 1-form A on a principal G-bundle P over Z. The field equations following from the Chern-Simons-Witten (CSW) action (1.5a) are F 0,2 A =∂A 0,1 + A 0,1 ∧ A 0,1 = 0, (1.5b) where∂ is the (0, 1)-part of the exterior derivative d = ∂ +∂, and F 0,2 A is the (0, 2)-part of the curvature F A of a G-bundle P with a complex structure group G. Recently holomorphic CSW theories (1.5) were discussed [10, 11] in the frames of the program on extending the results of Casson, Floer and Jones to Calabi-Yau (CY) threefolds.
Our discussion can be summarized in the following diagram: which includes holomorphic analogs not only of Chern-Simons but also of BF theories. The plan of this paper is as follows. In Sect.2 we introduce holomorphic BF theories, discuss their gauge symmetries and moduli spaces. In Sect.3 we describe a procedure of finding solutions to holomorphic BF theories and argue that these models are completely solvable. In Sect.4 three special holomorphic BF theories on Kähler, Calabi-Yau and fibered complex manifolds are introduced. In particular, we introduce an action describing Hermitian-Yang-Mills connections on stable holomorphic bundles and discuss relations between special holomorphic BF theories and integrable models in real dimensions D ≤ 4. In Sect.5 observables for proposed models and their relations to topological invariants are briefly discussed. In Sect. 6 we list some open problems.
Holomorphic BF theories 2.1 Non-Abelian models
Let Z be a complex n-manifold, G a (complex) semisimple Lie group, g its Lie algebra, P a principal G-bundle over Z and A 0,1 a (0, 1)-component of a connection 1-form A on P . Components A 0,1 of connections A will be called (0, 1)-connections. The curvature F A of a connection A splits into components,
and the (0, 2)-component of the curvature tensor is
where∂ is the (0, 1)-part of the exterior derivative d = ∂ +∂. We also split
Let us consider the bundle of groups IntP = P × G G (G acts on itself by internal automorphisms: h → ghg −1 , h, g ∈ G) associated with P . We define the infinite-dimensional group of gauge transformations as the group G = Γ(Z, IntP ) of global smooth sections of the bundle IntP . We also consider the adjoint bundle adP = P × G g of Lie algebras and denote by Ω p,q (Z, adP ) (2.2a) the space of smooth (p, q)-forms on Z with values in the bundle adP , p, q, ... = 1, ..., n = dim C Z.
For simplicity we shall consider bundles P that are equivalent to the trivial one as smooth bundles (i.e. topologically trivial), P ≃ Z × G. Therefore, we have IntP ≃ Z × G, adP ≃ Z × g, and adP -valued (p, q)-forms may be considered as g-valued (p, q)-forms on Z. The space of such forms we shall denote by Ω p,q (Z, g).
(2.2b)
Generalization to the case of topologically nontrivial bundles is straightforward and not difficult.
Let us consider the (0, 2)-component F 0,2 A of the curvature tensor of a connection 1-form on P and a g-valued (n, n − 2)-form B on Z. We introduce the action
and models with such actions will be called holomorphic BF theories. The field equations obtained from the action (2.3) are∂
Solutions A 0,1 of Eqs.(2.4a) will be called flat (0, 1)-connections on P . Notice that Eqs.(2.4a) coincide with the compatibility conditions∂ 2 A = 0 of Eqs.(2.4b). So, holomorphic BF theories describe flat (0, 1)-connections on P which correspond to holomorphic structures on the bundle P → Z.
By expanding A 0,1 and B in generators {J i } of the group G, one can rewrite Eqs. (2.4) in the form∂
where A 0,1 = A i J i , B = B i J i , and f i jk are structure constants of the group G, i, j, ... = 1, ..., dim C G. Notice that Eqs.(2.5b) can be rewritten in the form
The gauge group G acts on a (0, 1)-connection A 0,1 on P and on a field B ∈ Ω n,n−2 (Z, g) by the formulas
where g ∈ G. The action (2.3) is invariant under the transformations (2.6) and under the following "cohomological" symmetry transformation:
where Φ ∈ Ω n,n−3 (Z, g). By virtue of this invariance,∂ A Φ is a trivial (pure gauge) solution of Eqs.(2.4b) for any Φ ∈ Ω n,n−3 (Z, g), and solutions B and B +∂ A Φ of Eqs.(2.4b) are considered as equivalent.
We denote by N the space of solutions to Eqs.(2.4a) and by M the set of orbits of the gauge group G in the set N ,
Let π be a projection π : N → M.
(2.8b)
By definition, N is the space of flat (0, 1)-connections (holomorphic structures) on the bundle P , and M is the moduli space of flat (0, 1)-connections. Put another way, the moduli space M of holomorphic structures on P is the space of gauge inequivalent solutions to Eqs.(2.4a).
Equations (2.4b) are linear in B. For any fixed flat (0, 1)-connection A 0,1 the space B A of nontrivial solutions to Eqs.(2.4b) is the (n, n − 2)th Dolbeault cohomology group
which is defined to be the space of equivalence classes of∂ A -closed g-valued (n, n − 2)-forms on Z, Recall that the gauge group G acts on solutions (A 0,1 , B) of Eqs.(2.4) by formulas (2.6). Therefore, identifying points (A 0,1 , B) ∈ T and (g −1 A 0,1 g + g −1∂ g, g −1 Bg) ∈ T for any g ∈ G, we obtain the moduli space
of solutions to Eqs. (2.4) . The space M is a vector bundle over the moduli space M of flat (0, 1)connections. If we denote by [A 0,1 ] the gauge equivalence class of a flat (0, 1)-connection A 0,1 , then the fiber of this bundle at the point [A 0,1 ] ∈ M will be isomorphic to the Dolbeault cohomology group H n,n−2 ∂ A ;P (Z). Thus, non-Abelian holomorphic BF theories give a field-theoretic description of holomorphic structures on bundles P → Z and of the twisted Dolbeault complex on Z.
Abelian models
In the Abelian case, instead of a g-valued (0, 1)-connection on a bundle over a complex manifold Z one can take any (p, q − 1)-form A p,q−1 ∈ Ω p,q−1 (Z) and introduce the action
The action (2.11) and Eqs.(2.12) are invariant under the following symmetry transformations:
where Φ r,s ∈ Ω r,s (Z). Therefore the moduli space of solutions to Eqs.(2.12) is a vector space
where H r,s ∂ (Z) is the (r, s)th Dolbeault cohomology group of Z. So, the action (2.11) provides us with a field-theoretic description of the standard Dolbeault complex on Z.
Solvability of holomorphic BF theories
In this Section we describe a procedure for constructing solutions to field equations (2.4) of holomorphic BF theories and argue that they are completely solvable.
From A 0,1 to ψ
Equations (2.4a) are equations on globally defined g-valued (0, 1)-forms A 0,1 on a complex manifold Z. Let us fix a covering U = {U α , α ∈ I} of Z. Then a (0, 1)-form A 0,1 can be restricted to U α 's, and for any U α we obtain the equations 
charts the compatibility conditions
where ψ α is a smooth G-valued function on U α . Substituting (3.2) into the compatibility conditions (3.1b), we obtain differential equations
on a collection ψ = {ψ α } of G-valued functions. One should emphasize that these equations are defined on the union of open sets U α ∩ U β ,
Recall that for elements g = {g α } of the gauge group G, the equalities g α = g β take place on
From ψ to A 0,1
Denote by X the space of solutions to Eqs.(3.3) and define a map
given by the formulaδ
Recall that we denote by N the space of solutions to Eqs.(2.4a). It is not difficult to see that for any Recall that the groups H and G act on X by the formulas To sum up, one can easily construct solutions 
From 1-cocycles to the moduli space of holomorphic structures
We consider the space X of solutions to Eqs. 
Using equations∂f αβ = 0, one can easily show that these {ψ α } will satisfy Eqs.
We define a map η : X → F (3.18a)
given for any ψ = {ψ α } ∈ X by the formula Remember that on the space X we have an action not only of the group G but also of the group H introduced in Sect.3.2. The action (3.10a) induces the following action of H on matrices
Recall that a collection f = {f αβ } of holomorphic matrices satisfying Eqs. 
Commutative diagram of maps and solvability
Comparing all the maps of solution spaces described above, we obtain the following commutative diagram: X
Here X is the solution space of differential equations (3.3) , N is the space of flat (0, 1)-connections, F is the solution space of functional equations (3.17), and M is the moduli space of flat (0, 1)connections on G-bundles P → Z.
Recall that Eqs.(2.4a) are defined on a manifold [13, 14] :
Hermitian-Yang-Mills connections correspond to stable holomorphic structures∂ A on a bundle [13, 14] , but this is in some sense most of them since the moduli space of stable holomorphic structures is a dense subset in the moduli space of all holomorphic structures on a bundle.
Notice that Eqs.(4.1) can be rewritten in the form where g = {g ab } is a Riemannian metric compatible with the complex structure on Z. Equations (4.3) appear in superstring theory from the condition of preserving at least one unbroken supersymmetry in four dimensions after compactification of D = 10 superstrings on Calabi-Yau 3-folds [15] .
The study of Eqs.(4.1) or equivalent Eqs.(4.3) is of interest because of their importance in algebraic geometry and superstring theory. We introduce an action that leads to equations of motion containing Eqs.(4.1). Namely, consider the action
where Ξ is a smooth g-valued function on Z and β is a constant parameter. The action (4.5) is a one-parameter deformation of the action S hBF for holomorphic BF theories introduced in Sect.2.1. Let us emphasize that the action S HYM depends on a Kähler form ω on Z.
The field equations following from the action (4.5) are
where [, ] is the standard commutator in the Lie algebra g. We see that Eqs. 
Holomorphic θBF theories on Calabi-Yau manifolds
Let now Z be a Calabi-Yau n-fold. This means that besides a complex structure, on Z there exist a Kähler 2-form ω, a Ricci-flat Kähler metric g and a nowhere vanishing holomorphic (n, 0)-form θ. The (n, 0)-form θ can be taken to be covariantly constant w.r.t. the Levi-Civita connection. We consider a (trivial) principal G-bundle P over Z and the (0, 1)-component A 0,1 of a connection 1-form A on P . For bundles P over Calabi-Yau (CY) n-folds Z one can consider holomorphic BF theories with the action (2.3) which does not depend on Kähler structures, metrics and holomorphic (n, 0)-forms on Z. But the existence on Z of a nowhere degenerate holomorphic (n, 0)-form θ permits one to introduce one more class of models which will be called holomorphic θBF theories. Their action has the form
where B is a g-valued (0, n − 2)-form on Z, and F 0,2 A =∂A 0,1 + A 0,1 ∧ A 0,1 is the (0, 2)-component of the curvature tensor of a connection A on P . The action (4.7) leads to the equations of motion
which are equivalent to the equations∂ A 0,1 + A 0,1 ∧ A 0,1 = 0, (4.9a)
(4.9b)
In abridged notation, Eqs.(4.9b) can be rewritten as∂ A B = 0.
From Eqs.(4.9) we see that holomorphic θBF theories describe holomorphic structures on bundles P → Z and∂ A -closed forms B ∈ Ω 0,n−2 (Z, g). Constructing solutions to Eqs.(4.9a) was described in detail in Sect.3. As to Eqs.(4.9b), their solutions have the form (3.13)-(3.15), where as B 0 one should take a∂-closed g-valued (0, n − 2)-form on Z instead of a∂-closed g-valued (n, n − 2)form. Therefore for any fixed flat (0, 1)-connection A 0,1 on P the space of nontrivial solutions to Eqs.(4.9b) is the (0, n − 2)th Dolbeault cohomology group
(4.10)
So, the action (4.7) provides us with a field-theoretic description of the Dolbeault complex coupled to a flat (0, 1)-connection on the adjoint bundle adP .
Special hBF theories on twistor spaces of self-dual 4-manifolds
Let us consider a Riemannian real 4-manifold M with self-dual Weyl tensor (a self-dual manifold) and the bundle τ : Z → M of complex structures on M (the twistor space of M ) with CP 1 as a typical fiber [16, 17] . The twistor space Z of a self-dual 4-manifold M is a complex 3-manifold [17] which is the total space of a fiber bundle over M associated with the bundle of orthonormal frames on M . For details see e.g. [18] .
It is well known that Yang-Mills instantons on M can be described in terms of holomorphic bundles over the twistor space Z of M . Namely, there is a one-to-one correspondence between selfdual bundles (bundles with self-dual connections) over M and holomorphic bundles P over Z that are holomorphically trivial on any projective line CP 1
x ֒→ Z parametrized by x ∈ M [19, 20, 17, 21] . The condition of holomorphic trivializability of the bundle P after the restriction of P to every projective line in Z is equivalent to the equality to zero of the restriction of the (0, 1)-component A 0,1 of a connection A on P to submanifolds CP 1
x ֒→ Z, x ∈ M (see [22] for discussions). Such connections on P can be described in terms of holomorphic BF theories on Z by adding a term to the action (2.3) . In this way we obtain a model which describes the instanton moduli space and differs from the Donaldson-Witten model.
Consider the twistor space Z of a self-dual real 4-manifold M . By definition, Z is a complex fibered 3-manifold with the canonical projection τ : Z → M . The typical fiber CP 1 has the SU (2)invariant complex structure j (see [23] for more details), and the vertical distribution V = Ker τ * inherits this complex structure. A restriction of V to each fiber CP 1
x , x ∈ M , is the tangent bundle to that fiber. The Levi-Civita connection on the Riemannian manifold M generates the splitting of the tangent bundle T (Z) into a direct sum
of the vertical V and horizontal H distributions. Using the complex structures on CP 1 and Z, one can split the complexified tangent bundle of Z into a direct sum
of subbundles of type (1, 0) and (0, 1). Analogously one can split the complexified cotangent bundle of Z into a direct sum of subbundles T 1,0 and T 0,1 . So we have the (integrable) distribution V 0,1 of (0, 1)-vector fields.
Let E 3,3 be a g-valued (3, 3)-form on Z, and V 0,1 be an arbitrary antiholomorphic vector field from the distribution V 0,1 . Denote by {e a }, {eā}, {σ a } and {σā} local frames for the bundles T 1,0 , T 0,1 , T 1,0 and T 0,1 , respectively. Then locally
where a 1 ,ā 1 , ... = 1, 2, 3. Let us consider the contraction
, which is a g-valued (3, 2)-form on Z. In the local frames, V 0,1 E 3,3 has components
We also introduce a g-valued function
on Z and notice that
To the action (2.3) of a holomorphic BF theory we add the term
where γ = const. The action
leads to the following field equations:
∂A 0,1 + A 0,1 ∧ A 0,1 = 0, γV 0,1 A 0,1 = 0, (4.18a)
Equations (4.18a) on the twistor space Z of a self-dual 4-manifold M are equivalent to the self-dual Yang-Mills (SDYM) equations on M , which was discussed in detail in [22, 23] . Equations (4.18b) describe some fields interacting with external self-dual gauge fields on M . It is obvious that in the limit γ → 0, Eqs. 
Conformal field theories related to special hBF theories
It is well known that Chern-Simons theories on 3D real manifolds X are reduced to 2D conformal field theories (CFT) if one supposed that a 3-manifold X has the form of a trivial bundle Σ × R (or Σ × S 1 ), where Σ is a 2-manifold [2, 24, 25] . It is reasonably to expect that holomorphic analogs of Chern-Simons and BF theories defined on a 3D complex manifold Z (six real dimensions) can be reduced to 4D CFT's if one supposes that Z is a bundle over a real 4-manifold M with two-dimensional fibers. One important example of a conformal field theory in four dimensions is provided by the SDYM model. In Sect.4.3 we have described the reduction of holomorphic BF models on Z to SDYM models on self-dual 4-manifolds M . For discussions of reductions to other 4D CFT's see [22] . Notice that Hermitian-Yang-Mills connections (see Sect.4.1) on bundles P over complex 2dimensional Kähler manifolds are self-dual connections since Eqs.(4.6a) for n = 2 coincide with the SDYM equations. Thus, both the action (4.5) with n = 2 and the action (4.17) describe SDYM models on 4-manifolds. In the simplest case of the flat 4-space, we obtain SDYM models on R 4 . It is well known that almost all integrable equations in 1 ≤ D ≤ 3 dimensions (Korteweg-de Vries, Nonlinear Schrödinger, Boussinesq and many others) can be obtained by reductions of the SDYM equations on R 4 (see [26, 27, 28, 29, 30] and references therein). Thus, special holomorphic BF theories are connected with 4D CFT's and integrable models in 1 ≤ D ≤ 4 dimensions.
Observables and topological invariants
To introduce observables and topological invariants for holomorphic BF and θBF theories we use results on holomorphic analogs of Chern-Simons theories defined on Calabi-Yau 3-folds [8, 9, 10, 11] .
First, for an action S coinciding with (2.3), (2.11) or (4.7), one can write down the partition function Z k = A/G DA 0,1 exp(ikS), (5.1) where k ∈ Z, and the path integral is evaluated over the space A/G of gauge inequivalent (0, 1)connections A 0,1 on a bundle P → Z. Second, using the semiclassical approximation, one can give the partition function interpretation of the Ray-Singer holomorphic torsion [31] of the holomorphic bundle (adP,∂ A ).
Third, one can introduce an analog of Wilson loops for Abelian (0, 1)-connections A 0,1 on a line bundle L → Z [11] . For this one should fix complex curves C i ⊂ Z (e.g. tori), holomorphic 1-forms α i on the C i 's and define
as an element of the Jacobian of L paired against α i and exponentiated. Then we can consider the path integral
and try to prove that it is an invariant of the complex structure of a manifold Z.
Finally, for Abelian holomorphic BF theories with the action (2.11) one can introduce the Dolbeault currents [32] and define the linking number of complex submanifolds of a manifold Z using pairing H p,q ∂ (Z) ⊗ H n−p,n−q ∂ (Z) → C of the Dolbeault cohomology groups.
We have written down a number of formally metric independent path integrals for hBF and hθBF theories. It is reasonably to expect that they are invariants of a complex manifold Z, but to prove this is not an easy task. A lot of work need to be done.
Conclusion
In this paper we have introduced new classes of gauge field theories which are natural holomorphic analogs of BF topological theories. These new models give a field-theoretic description of holomorphic structures on bundles over complex, Kähler and Calabi-Yau n-manifolds. In particular, for stable holomorphic bundles we obtain Lagrangian description of Hermitian-Yang-Mills connections. Such connections are often used in superstring theory in description of compactified configurations with unbroken supersymmetry in four dimensions [15] .
There are many open problems that have to be considered. In particular, it is necessary to analyze the ghost structure of the introduced theories, to perform BRST gauge fixing and to write down quantum actions. Supersymmetrization of holomorphic BF theories may be of interest. The problem of finding nontrivial observables and their metric independence should be more carefully analyzed. Much work remains to be done.
